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This work presents a closed-form analytical and numerical technique that is developed to investigate
drug diffusion from sustained release systems (transdermal drug delivery using microneedle).
Diffusion is known as predominant transport phenomenon in drug delivery systems. Therefore, param-
eter optimization in relation to diffusional mass transport, such as diffusion coefficient, initial concentra-
tion and device length were the essential keys to achieve perfect drug control. A closed form analytical
solution was derived from Fick’s second law and a numerical solution is presented using finite difference
method in order to compute the concentration distribution. Furthermore, the effect of the diffusion coef-
ficient, initial concentration and device length on the concentration diffusion is investigated. Results
reveal the influence of the different parameters studied on diffusion and concentration over time and
space.
Copyright � 2022 Elsevier Ltd. All rights reserved.
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1. Introduction

A drug delivery system (DDS) is a generic term for a set of
physicochemical technologies that can manage the distribution
and release of pharmacologically active compounds into cells,
tissues, and organs, allowing them to exert optimal effects [1,2].
Also, DDS refers to the administration modes and drug formula-
tions that effectively transport the drug in order to optimize ther-
apeutic efficacy and reducing side effects [3–5]. There are many
different types of administration modalities depending on the
delivery mechanism, such as oral administration, transdermal
administration, lung inhalation, mucosal administration, and intra-
venous injection. Due to several advantages over oral and intra-
venous techniques, transdermal drug delivery (TDD) is
considered one of the most appealing ways for administration of
pharmaceutics and cosmetic actives components [6–7]. Micronee-
dles (MNs) are needles with a micron-scale that are used in TDD
systems [8–9]. Microneedle (MN) technology holds a lot of promise
for regulated drug delivery, and it’s getting a lot of attention from
researchers and clinics [10]. MNs can puncture through the skin
stratum corneum layer and into the epidermis, avoiding nerve fiber
contact [11]. Microneedle concept of is well established and the
related experimental validation has already been extensively
investigated in the literature.

Given the importance of such products in therapy, they have
already been widely studied both theoretically and experimentally.
Microneedles systems mathematical modeling is an area of grow-
ing research. The detailed review paper published by Anissimov
et al. [12] presented different examples of epidermal and dermal
transport processes and summarized various mathematical models
that have been developed forward to describe the phenomenon.
Mathematical models of epidermal and dermal transport are
essential for optimization and development of products for percu-
taneous drug delivery. The mathematical modeling is also helpful
to analyze experimental data which could reduce considerably
the number of in vitro and in vivo studies.

Lindstrom and Ayres [13] were among the first to use mathe-
matical methods to predict drug transport through the skin.
Recently, a mathematical model was developed by Qaliaf et al.
[14] to investigate dermal drug delivery. The authors carried out
numerical simulations also to describe the pharmoco-kinetics of
drug penetration into the skin from microneedle array. Missel
aterials
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[15] investigates diffusion and partitioning in biological systems
using finite element method. Sharma and Saxena [16] used the
same method (FEM) to analyze the steady state drug distribution
in transdermal drug delivery systems. Khanday and Rafq [17] and
deMonte et al. [18] further studied the numerical estimation of
drug diffusion in the transdermal drug delivery system.

From analytical point of view, Nazir et al. [19] developed math-
ematical model for the transport of drug in normal and cancerous
tumors. The model was solved analytically using separation of
variables and eigenvalue approach. Recently, Madhihah et al. [20]
used separation of variables to investigate the release rate of drug
from hollow microneedles and the effect of microneedles length
and diffusion coefficient on drug release rate.

Another approach of solving the diffusion equation with appro-
priate initial and boundary conditions is using Laplace transform
[21]. In the context of the percutaneous penetration this technique
was pioneered by Hadgraft [22–23].

The purpose of this work is to investigate the transdermal drug
delivery using microneedles inserted in skin. Herein, the unsteady
one-dimensional diffusion model is considered. Fick’s second law
differential equation is solved numerically using the well-known
finite difference method and a closed-form of exact solution is
obtained to lead to concentration field. The analytical and numer-
ical results obtained have been validated with the literature result
available. The effects of different parameters were investigated
then various analytical and numerical results obtained have been
presented and discussed.

2. Mathematical formulation of the problem

The schematization of the microneedles array transdermal drug
delivery is shown in Fig. 1.

2.1. Analytical model

A model of transdermal drug delivery was constructed to
explain the transport of drug molecules through the skin. The fun-
damental equation that defines transient drug diffusion across the
skin tissue is given by Fick’s second law as:

@C x; tð Þ
@t

¼ D
@2C x; tð Þ

@x2

 !
ð1Þ

where C x; tð Þ is the concentration of the drug at the point � and
time t and D is its diffusion coefficient in the matrix. Diffusion coef-
ficient shows how fast drug penetrates the skin.

The initial concentration of the active pharmaceutical ingredi-
ent (API) is:

C x;0ð Þ ¼ C0; 0 � x � L ð2Þ
0 

L=0.015 cm 

x(cm) 

Fig. 1. Model of drug delive

2

where L is the length of the microneedle and C0 Drug solution is
available along the microneedle and in the patch even before appli-
cation on the skin.

A symmetry condition is imposed at x ¼ 0 as a first boundary
condition:

@C 0; tð Þ
@x

¼ 0; t � 0 ð3Þ

The second boundary condition is applied at x ¼ L:

C L; tð Þ ¼ 0; t � 0 ð4Þ
The Laplace transform of Eq. (1) is given by:

sC xð Þ � C0 ¼ D
d2C xð Þ
dx2

ð5Þ

where

C xð Þ ¼
Z 1

0
Cðx; tÞe�stdt ð6Þ

The general solution of Eq (5) is given by:

C xð Þ ¼ Aex
ffiffi
s
D

p
þ Be�x

ffiffi
s
D

p
þ C0

s
ð7Þ

where A and B are constants to be determined using boundary con-
ditions. This step is particularly simple and leads to a linear system
of two equations with two unknowns A and B to be solved. So,
applying Laplace transform of the boundary condition Eqs. (3 and
4) to Eq (7) we obtain:

A
ffiffiffi
s
D

p � B
ffiffiffi
s
D

p ¼ 0

AeL
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s
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D
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(
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which gives:

A ¼ � C0

2 � s � cosh ffiffiffiffiffiffi
s
D L

p� � ; B ¼ � C0

2 � s � cosh ffiffiffiffiffiffi
s
D L

p� � ð9Þ

By virtue of Eqs. (7 and 9), the expressions concentration of the
active pharmaceutical ingredient is derived as follows:

C xð Þ ¼ � C0

2 � s � cosh ffiffiffiffiffiffi
s
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p� � ex
ffiffi
s
D

p
þ e�x

ffiffi
s
D

p� �
þ C0

s
ð10Þ

The inverse Laplace transform of C xð Þ is computed using the fol-
lowing Bromwich integral:

C x; tð Þ ¼ 1
2pi

�
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� C0
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Fig. 2. Comparison between current work and results of Madhihah et al. [20].
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and the Bromwich integral is computed using the residue theorem
as:

C x;tð Þ¼
X
pole

Residue � C0

2 � s �cosh ffiffiffiffiffi
s
DL

p� � ex
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ð12Þ
The residue at the pole s = 0 is 0. The other poles are determined

by the equation:

cosh
ffiffiffiffiffiffiffi
s
D
L

r� �
¼ 0 ð13Þ

which yields:

s ¼ � 2nþ 1ð Þ2p2D

4L2
ð14Þ

where n is an integer ranging from 0 to 1. The residue at the pole
takes the form:

R ¼
2 �1ð Þ2þnC0 e

i 2nþ1ð Þpx
2L þ e�

i 2nþ1ð Þpx
2L
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As a result, the concentration in the time domain is:

C x; tð Þ ¼
X1
0

2 �1ð Þ2þnC0 e
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Table 1
Parameters of solved model.

Parameters Value

Duration of application, t (h) 24, 48 and 72
Diffusion coefficient, D (cm2mn-1) 5 10-8

Device drug concentration, C0 (mg ml�1) 15.8
Microneedles length, L (cm) 0.015
2.2. Numerical solution

In this work, the standard finite difference method (FDM) is
used to numerically solve the above differential equation with its
initial and boundary conditions. Equation (1) subjected to the
boundary and initial conditions given in Eqs. (2–4) have been inte-
grated numerically using a finite difference method which is for-
ward in time and central in space. The implementation of the
numerical method was made using MATLAB software and all sim-
ulations are computed with this program.

Let us denote C xi; tið Þ ¼ Cj
i and approximate various partial

derivatives as:

@2C x; tð Þ
@x2

ffi Cj
iþ1 � 2Cj

i þ Cj
i�1

Dx2
ð17Þ

Similarly, for the time derivative we define the approximation:

@C x; tð Þ
@x

ffi Cjþ1
i � Cj

i

Dt
ð18Þ

Using Eqs. (17) and (18), Eq. (1) may be transformedto the fol-
lowing difference equation:

Cjþ1
i ¼ Cj

i þ
DDt
Dx2

Cj
iþ1 � 2Cj

i þ Cj
i�1

� �
ð19Þ

For the solution of the present problem we have discretized the
microneedles length by using the formula xi ¼ i� 1ð ÞDx,
ði ¼ 1;2; :::::;N þ 1Þ such that xNþ1 ¼ L. Similarly for discretization
of time, we have used the following discretization formula
tj ¼ j� 1ð ÞDt, ði ¼ 1;2; ::::::::Þ for the entire microneedles length
segment under study with Dx and Dt are the increments in space
and time, respectively.
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3. Results and discussions

3.1. Verification

In Fig. 2, the analytical and numerical results of current work
are compared with those obtained from Ref. [20] where authors
studied the transdermal drug delivery assisted with microneedles.
The authors in their model applied a finite drug supply and the
problem has been solved analytically.

In this case, to achieve the results, a microneedle with length L
is considered. The model is solved by using the input parameters as
shown in Table 1.

As expected, drug concentration inside the patch, for specific
locations, decreases with time due to drug absorption through
skin.

3.2. Current results

The effects of diffusion coefficient (D), initial concentration (C0)
and the length (L) on the drug concentration inside the delivery
device are investigated and results were presented and discussed.

Figs. 3–5 show the drug concentration inside the delivery
device function of microneedle length where the effects of differ-
ent parameters were investigated.

Fig. 3 shows drug concentration inside the microneedle func-
tion of microneedle length for various values of diffusion coeffi-
cient (D = 5 10-9, 1 10-9, 5 10-8 and 1 10-7) in order to quantify
the effect of this parameter on the kinetics of drug delivery, while,
time, length and initial concentration was fixed. The effect of diffu-
sion coefficient (D) is evident in this figure. Indeed, increases in dif-
fusion coefficient (D) leads to a decrease in remaining amount of
drug at a fixed position.

In Fig. 4 drug concentration distributions inside the micronee-
dle, corresponding to a fixed time (t = 24 h) are presented for four
initial concentrations. Fig. 4 reveals that drug concentration
increases when the initial concentration (C0) increases. Indeed,
increases in initial concentration leads to an increase in remaining
amount of drug at a fixed position.



Fig. 3. Prediction of drug concentration inside the delivery device for t = 24 h,
L = 0.015 cm, C0 = 15.8 mg/ml and for D = 5 10-9, 1 10-9, 5 10-8 and 1 10-7 cm2/mn.

Fig. 4. Prediction of drug concentration inside the delivery device for t = 24 h,
L = 0.015 cm, D = 5 10-8 cm2/mn and for C0 = 13.8, 14.8, 15.8 and 16.8 mg/ml.

Fig. 5. Prediction of drug concentration inside the delivery device for t = 24 h, D = 5
10-8 cm2 /mn and for C0 = 15.8 mg/ml and L = 0.01, 0.015, 002 and 0.025 cm.

Fig. 6. Prediction of delivery profile for x = 0 cm, C0 = 15.8 mg/ml and for D = 5 10-9,
1 10-9, 5 10-8 and 1 10-7 cm2/mn.

A. Benslimane, S. Fatmi, L. Taouzinet et al. Materials Today: Proceedings xxx (xxxx) xxx
In Fig. 5 drug concentration distributions inside the micronee-
dle, corresponding to a fixed time (t = 24 h) are presented for four
different length. In this figure, one can observe that drug concen-
tration increases when the length increases. However, it can be
4

noticed that a small length increase leads to an important increase
in remaining amount of drug at a fixed position. Indicating a better
potential drug sustained release.

In Fig. 6 drug delivery profiles are presented for four different
diffusion coefficients. All simulated curves present a sustained
delivery profiles. Also, one can notice that the effect of drug diffu-
sion coefficient is inversely proportional to the prolongation of
drug release.
4. Conclusion

In this paper, unsteady diffusion of transdermal drug delivery
using a microneedle inserted in the skin is modeled. A closed-
form of exact solution is derived from Fick’s second law differential
equation. This equation is also solved numerically using the well-
known finite difference method. Furthermore, the effect of the dif-
fusion coefficient, initial concentration and device length on the
concentration profiles is studied.

Results show the parameters influences on diffusion and con-
centration over time and space of transdermal drug sustained
delivery. In fact, the effect of diffusion coefficient (D), initial con-
centration (C0) and the length (L) on the drug concentration inside
the delivery device leads to prolongation of drug release, known as
‘sustained drug delivery’.
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